
SOME SURFACES WITH CANONICAL MAP OF DEGREE 4.
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Abstract. In this short note we construct unbounded families of minimal
surfaces of general type with canonical map of degree 4 such that the limits of
the slopes K2/χ assume countably many different values in the range [6.6̄, 8].

Introduction

It is well known since the pioneering work of Beauville [Bea79] and a Theorem of
Xiao Gang [Xia86] that the degree of the canonical map of a surface (=complex
manifold of dimension 2), if we assume the Euler characteristic χ(O) big enough,
is bounded from above by 8. We address the reader to the beautiful survey of M.
Mendes Lopes and R. Pardini [MLP] on the subject.

We read from there, among other things, that there are examples of sequences of
surfaces with χ(O) arbitrarily large (that we call for short from now on unbounded
families) with canonical map of degree 2, 4, 6, 8. It seems that we do not know
much on what are the possible accumulation points of slopes K2/χ(O) for un-
bounded families of minimal surfaces with canonical map of fixed degree, compare
[MLP, Question 5.6].

In particular the only unbounded families of minimal surfaces with canonical map
of degree 4 known to us are the product of two hyperelliptic curves (mentioned also
in [MLP], they have K2/χ = 8) and those produced by Gallego and Purnaprajna
for which limn→∞K

2
Sn
/χ(O(Sn)) is either 8 or 4, see the last column of [GP08,

Table at page 5491]

Inspired by certain constructions of K3 surfaces in [GP15], we manage to construct
several unbounded families with canonical map of degree 4. We can prove
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Theorem. There are countably many unbounded sequences {Sn} of surfaces of
general type with canonical map of degree 4 such that limn→∞K

2
Sn
/χ(O(Sn)) as-

sume pairwise distinct values in the range [6.6̄, 8].

It is not clear to us at the moment how big is the set of pairwise distinct values
we can obtain in [6.6̄, 8]. We know that it contains all numbers of the form 8− 1

m
,

where m ≥ 6 is not a prime.

This is related to the following question of indipendent interest, whose answer may
be known to experts.

Consider a rational number 0 < k
n
< 1. Here we assume gcd(k, n) = 1. Consider

the continued fraction

(0.1)
n

k
= b1 −

1

b2 −
1

b3 − . . .
and define

σ

(
k

n

)
:=

1 +
∑

(bj − 1)

n
.

Obviously σ > 0, σ
(
1
n

)
= 1. It is known [TU, Lemma 3.3] that σ ≤ 1.

Question: What is the subset
{
σ
(
k
n

)}
⊂ [0, 1]?

If this subset would be dense then the subset of [6.6̄, 8] in the Theorem would be
dense as well. If this subset would be dense in any interval, then the subset in
the Theorem would be dense in some interval as well. Unfortunately this does not
seems to be the case.

More precisely we want to know

Question: What are the possible limits of
{
σ
(
k
n

)}
⊂ [0, 1] for sequences of ratio-

nal numbers k
n
with unbounded denominators?

It is not difficult to prove that under mild assumptions such sequences converge
to zero. Still, there are exceptions: limn→∞ σ

(
m

mn+1

)
= 1

m
. We could not obtain

any sequence with limit neither zero nor of the form 1
m

.

All these surfaces are product-quotient surfaces. The name product-quotient sur-
faces has been introduced by the second author and I. Bauer in [BP12] following
an idea of Fabrizio Catanese (compare [Cat00], [BC04], [BCGP12]). Their canon-
ical map was studied, in the special case of the surfaces isogenous to a product,
in [Cat18]. To our knowledge they were used first for constructing surfaces with
canonical map of high degree in [GPR]. We plan to use them to construct more
examples in the future.

Notation. For each real number z, let dze be the smallest integer greater or equal
than z.

For each pair of integers z, n ∈ N we denote by [z]n the unique integer, 0 ≤ [z]n ≤
n− 1, such that z − [z]n is divisible by n.
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We say that a point of a complex analytic variety is a singular point of type
p
q
∈ Q, with p ∈ Z \ {0}, q ∈ N \ {0}, gcd(p, q) = 1, if a neighbourhood of it is

analytically isomorphic to the quotient of a neighbourhood of the origin of C2 by

the cyclic group generated by the automorphism (x, y) 7→ (e
2πi
q x, ep

2πi
q y). We say

that an analytic variety has basket of singularities a1
p1
q1

+ a2
p2
q2

+ · · · + ar
pr
qr

if its

singular locus is finite and can be partitioned in r subsets S1, . . . , Sr of respective
cardinality a1, . . . , ar such that each point in Sj is a singularity of type

pj
qj

.

1. Generalized Wiman Curves

Definition 1.1 (Generalized Wiman curves). Let f ∈ C[x0, x1] be a homogeneous
polynomial such that, for all n ∈ N, f(xn0 , x

n
1 ) has no multiple roots. In other

words, we are requiring that f has no multiple roots and that neither x0 nor x1
divide f . Set d for the degree of f .

Then we consider, for each positive integer n ≥ 1, the hyperelliptic curve

Cn,d :
{
y2 = x

[nd]2
0 f(xn0 , x

n
1 )
}
⊂ P

(
1, 1,

⌈
nd

2

⌉)
The genus of Cn,d is

⌈
nd
2

⌉
− 1. We consider the following automorphisms of Cn,d:

ι = ιn,d : (x0, x1, y) 7→ (x0, x1,−y) ρ = ρn,d : (x0, x1, y) 7→ (x0, e
2πi
n x1, y)

They have respective order 2 and n, generating a subgroup of Aut(Cn) isomorphic
to Z/2Z× Z/nZ.

A classical result of Harvey and Wiman ([Har66, Wim95]) is that an automor-
phisms of a curve of genus g at least 2 has order at most 4g + 2. Moreover, if
the equality holds, the curve is C2g+1,1, usually refereed in literature as a Wiman
curve. This is the motivation for the name we chose for these curves.

We recall that

H0(C,KC) =

〈
x
dnd2 e−2
0 , x

dnd2 e−3
0 x1, . . . , x

dnd2 e−2
1

〉
Of course ι is the hyperelliptic involution acting on H0(C,KC) as the multiplica-
tion by −1.

Remark 1.2. The “rotation” ρ acts freely out of the locus x0x1 = 0, corresponding
to 3 or 4 points; precisely 4− [nd]2 points.

The divisor x1 = 0 is made by two points, with local coordinate x1/x0, where ρ

acts locally as multiplication by e
2πi
n .

If nd is even, also the divisor x0 = 0 is made by two points. Notice ρ(0, 1, y) =

(0, e
2πi
n , y) = (0, 1, e−

nd
2

2πi
n y). So, if n is even and d is odd then ρ exchanges the two

points: ρ2 stabilizes them acting on the local coordinate x0/x1 as multiplication by

e−2
2πi
n . If d is even, both points are stabilized by ρ, acting on the local coordinate

x0/x1 as multiplication by e−
2πi
n .
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Finally, if both n and d are odd, then x0 = 0 is a single point with local coordinate

y/x
nd+1

2
1 , so ρ acts locally as multiplication by e

n−1
2

2πi
n .

The action of ρ on H0(C,KC) can be explicity computed. It will be enough for
our purposes to notice that it is of the form

(1.1) x
dnd2 e−2−a
0 xa1 7→ e(a+λ)

2πi
n x
dnd2 e−2−a
0 xa1

where λ = λ(n, d) depends only on n and d. In particular

Remark 1.3. The monomials x
dnd2 e−2−a
0 xa1 form a basis of eigenvectors for the

action of ρ on H0(C,KC).

2. Wiman product-quotient surfaces

Definition 2.1. For all integers n, d1, d2 and for all 1 ≤ k ≤ n−1 with gcd(k, n) =
1 we define a Wiman product-quotient surface of type n, d1, d2 with shift k to be the
minimal resolution S of the singularities of its quotient model X := (C1 × C2)/H
where

• Cj, j = 1, 2 is a generalized Wiman curve of type n, dj;
• H ⊂ Aut(C1 × C2) is the cyclic subgroup of order n generated by the

automorphism
(x, y) 7→

(
ρn,d1x, ρ

k
n,d2

y
)
.

Consider the Klein subgroup of Aut(C1×C2) generated by the hyperelliptic invo-
lutions (ιn,d1 , 1) and (1, ιn,d2): the corresponding quotient of C1×C2 is isomorphic
to P1 × P1. Since this group commutes with H and it intersects H trivially, it
defines a Klein subgroup K ∼= (Z/2Z)2 ⊂ Aut(X) whose quotient is dominated
by P1 × P1. So X/K is rational.

Lemma 2.2. The canonical map of S factors through the rational surface X/K.

Proof. By the Kuenneth formula

H0(C1 × C2, KC1×C2)
∼= H0(C1, KC1)⊗H0(C2, KC2)

both involutions (ιn,d1 , 1) and (1, ιn,d2) act on H0(C1 × C2, KC1×C2) as the multi-
plication by −1.

Since by Freitag Theorem [Fre71, Satz 1] the pull-back map sends H0(S,KS)
isomorphically onto the invariant subspaceH0(C1×C2, KC1×C2)

H , the holomorphic
2−forms on S cannot separate two points in the same orbit by the action of K. �

In fact, in the “degenerate” case n = 1, S = C1 ×C2 and the canonical map is (if
of general type, so if d1, d2 ≥ 5) of the degree 4, the quotient by K. This case is
mentioned in [MLP]. This holds also for bigger n.

Theorem 2.3. Let S be a Wiman product-quotient surface of type n, d1, d2, n ≥ 2.

(1) If d1, d2 ≥ 3, then KS is nef.
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(2) If d1 ≥ 4, d2 ≥ 5 then S is of general type with canonical map of degree 4.

The statement is not meant to be sharp. For example, essentially the same proof
shows that part (2) extends to the case d1 = 3 with the possible exception n = 2.

Proof. To write down explicitly the canonical system of C1 × C2, we denote by
x0, x1, y the coordinates of the weighted projective space containing C1 = Cn,d1
as in Definition 2.1, and by x̄0, x̄1, ȳ the analogous coordinates for C2. By the
Kuenneth formula the monomials

ma,b := x
dnd12 e−2−a
0 x̄

dnd22 e−2−b
0 xa1x̄

b
1

form a basis of H0(C1 × C2, KC1×C2) of eigenvectors for the action of the given
generator

(
ρn,d1 , ρ

k
n,d2

)
of H with respective eigenvalues(

e
2πi
n

)a+kb+λ(n,d1)+kλ(n,d2)
So a basis of H0(S,KS) is given by the monomials

(2.1) {ma,b|n divides a+ kb+ λ(n, d1) + kλ(n, d2)}

(1) We notice, looking at (1.1), that if one monomial m(x0, x1) has eigenvalue

et
2πi
n , the “next” monomial x1m(x0, x1)/x0 has eigenvalue e(t+1) 2πi

n .
In particular, if d ≥ 3, since n ≤

⌈
nd
2

⌉
− 1, then all nth roots of unity are

eigenvalues for the action of ρn,d.
So, if d2 ≥ 3, then there is at least one monomial ma,b in the basis of

H0(S,KS) given in (2.1) for each possible 0 ≤ a ≤
⌈
nd1
2

⌉
− 2. Similarly, if

d1 ≥ 3, there is at least one monomial ma,b for each 0 ≤ b ≤
⌈
nd2
2

⌉
− 2.

It follows, sinceH0(Cj, KCj) is base point free, thatH0(C1×C2, KC1×C2)
H

has finitely many base points. In particular the fixed components of |KS|
are contained in the exceptional locus of the minimal resolution of the
singularities S → X. Then S does not contain any rational curve with
selfintersection −1: S is a minimal surface.

(2) By a similar argument if d ≥ 5 then all nth roots of unity are eigenvalues
for the action of ρn,d with multiplicity at least 2. If d = 4, the eigenvalue

of the eigenvector x
dnd2 e−2
0 has multiplicity 2.

So, there are 4 monomials in H0(S,KS) of the form m0,b, m0,b+n, mn,b,
mn,b+n. They map C1×C2 as xn0 x̄

n
0 , x

n
0 x̄

n
1 , x

n
1 x̄

n
0 , x

n
1 x̄

n
1 onto a smooth quadric

Q ⊂ P3. Then the canonical image of S, dominating Q, is a surface as well.
Choose a general point q ∈ Q. Its preimage in C1 × C2 has cardinality

(2n)2, giving 4n points of S. The Klein group acts transitively on them,
giving n points q1, . . . , qn of X/K.

The automorphism (ρn,d1 , 1) permutes the qj ciclically and acts on any

monomial in (2.1) of the form m1,c as the multiplication by e
2πi
n . So, if q

is general enough, m1,c separates the qj.

�
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3. Unbounded sequences of Wiman Product-Quotient surfaces

We look at the singularities of X.

By Remark 1.2 the number of points of C1×C2 stabilized by a nontrivial subgroup
of h is (4− [nd1]2)(4− [nd2]2). The group H acts on them with orbits of cardinality
1 or 2, giving a singular locus as follows.

Up to exchange C1 and C2 we may restrict to five cases:

(1) d1 and d2 are even: in this case X has basket 8 k
n

+ 8−k
n

(2) n even, d1 even, d2 odd: in this case X has basket 4 k
n

+ 4−k
n

+ 2 k
n/2

+ 2 −k
n/2

(3) n even, d1 and d2 odd: in this case X has basket 4 k
n

+ 2 −k
n/2

+ 2 k
n/2

+ 2 −k
n/2

(4) n odd, d1 even, d2 odd: in this case X has basket 4 k
n

+ 4−k
n

+ 2k(n−1)/2
n

+

2−k(n−1)/2
n

(5) n odd, d1 and d2 odd: 5 k
n

+ 2k(n−1)/2
n

+ 2−2k
n

We only consider case (1), so we assume now that d1 and d2 are even.

We notice that the basket is symmetric in the sense that for each singular point
of type k

n
, there is a singular point of type −k

n
. Then the invariant γ introduced

in [BP16, Section 4] vanish and by [BP16, Proposition 4.1]

8− K2
S

χ(OS)
=

l

χ(OS)
=

l

(n d12 −2)(n
d2
2
−2)

n
+ 4

(
1− 1

n

)
where l is the number of irreducible components of the resolution of the singular-
ities S → X.

Writing the continued function of n
k

as in (0.1) then ([Rie74, Section 3]) the number
of irreducible components of the resolution of two singular points of respective type
k
n

and −k
n

equal 1 +
∑

(bj − 1), so

8− K2
S

χ(OS)
=

8 (1 +
∑

(bj − 1))

(n d12 −2)(n
d2
2
−2)

n
+ 4

(
1− 1

n

) ≈n→∞ 32

d1d2

1 +
∑

(bj − 1)

n

Picking the simplest case k = 1, then
1+

∑
(bj−1)
n

= 1+n−1
n

= 1 we deduce

Theorem 3.1. There is an unbounded sequence Sn of surfaces of general type with
canonical map of degree 4 and unbounded χ(OSn) such that

lim
n→∞

K2
Sn

χ(OSn)
= 8

(
1− 1

m

)
for all positive integer m ≥ 6 that is not a prime number.

Proof. Write m = ab with a ≥ 2, b ≥ 3 and pick the sequence of the Wiman
product-quotient surfaces of type n, 2a, 2b and shift 1. �
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4. Conclusions

We have constructed countably many unbounded sequences of surfaces with canon-
ical map of degree 4 whose slope tends to different values, by considering only
Wiman product-quotient surfaces of type n, d1, d2 and shift 1 with d1 and d2 even.

A first possible generalization is by changing the shifts. For any sequence of
positive integers kn, with 1 ≤ kn ≤ n − 1, gcd(kn, n) = 1, we can consider the
Wiman product-quotient surfaces of type n, 2a, 2b and shift kn.

Then the sequence Sn of the Wiman product-quotient surfaces of type n, 2a, 2b
and shift kn has

lim
n→∞

K2
Sn

χ(OSn)
= 8− 8

1

m
lim
n→∞

σ

(
kn
n

)
.

So answering the question posed in the introduction should allow to construct
more sequences of surfaces such that the limit of the slope approach different
values.

One can also consider Wiman product quotient surfaces where the dj are not both
even and get similar results. We did part of the computation, showing that the
case we did is the best one, in the sense that in all other cases the slope remains
higher than 6.6̄.

One can also extend the definition of generalized Wiman curves by adding hyper-
elliptic curves of type y2 = x0x1f(xn0 , x

n
1 ). Our computations shows that this also

does not add much. So we decided, for the convenience of the reader, to skip this
case, since it would have required a more complicated notation in the description
of the group action.
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Dipartimento di Matematica, Università di Trento, via Sommarive 14, I-38123
Trento, Italy.

Email address: Roberto.Pignatelli@unitn.it


	Introduction
	Notation

	1. Generalized Wiman Curves
	2. Wiman product-quotient surfaces
	3. Unbounded sequences of Wiman Product-Quotient surfaces
	4. Conclusions
	References

